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Quantization of gravitation theory as gauge theory of general covariant transformations in the
framework of Batalin–Vilkoviski (BV) formalism is considered. Its gauge-fixed Lagrangian is
constructed.
1 Introduction
Classical gauge gravitation theory has been developed in different variants since 60th (see
[1, 2, 3] for a survey). We describe gravitation theory as a standard gauge theory on fiber
bundles where parameters of gauge transformations are vector fields on a base manifold
X . The well-known BV quantization technique [4, 5] can be applied to this theory. Since
this quantization technique fails to provide a functional measure, we restrict ourselves to
constructing a gauge-fixed Lagrangian.
Recall that an r-order Lagrangian of a Lagrangian system on a smooth fiber bundle
Y → X is defined as a density
L = Lω : JrY →
n
∧T ∗X, ω = dx1 ∧ · · · ∧ dxn, n = dimX, (1)
on the r-order jet manifold JrY of sections of Y → X [6, 7]. Given bundle coordinates
(xλ, yi) on Y , the jet manifold JrY is endowed with the adapted coordinates (xλ, yi, yiΛ),
where Λ = (λk...λ1), k = 1, . . . , r, is a symmetric multi-index. We use the notation λ+Λ =
(λλk...λ1) and
dλ = ∂λ +
∑
0≤|Λ|
yiλ+Λ∂
Λ
i , dΛ = dλr ◦ · · · ◦ dλ1 . (2)
A Lagrangian system on a fiber bundle is said to be a gauge system if its Lagrangian L
admits a gauge symmetry depending on parameter functions and their derivatives. In order
to describe a gauge system, let us consider Lagrangian formalism on the bundle product
E = Y ×
X
W, (3)
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where W → X is a vector bundle whose sections are gauge parameter functions [8]. Let
W → X be coordinated by (xλ, ξr). Then a gauge symmetry is represented by a differential
operator
υ =
∑
0≤|Λ|≤m
υi,Λr (x
λ, yiΣ)ξ
r
Λ∂i (4)
on E (3) which is linear on W and takes its values in the vertical tangent bundle V Y of
Y → X . By means of a replacement of even gauge parameters ξr and their jets ξrΛ with the
odd ghosts cr and their jets crΛ, the operator (4) defines a graded derivation
υ =
∑
0≤|Λ|≤m
υi,Λr (x
λ, yiΣ)c
r
Λ∂i (5)
of the algebra of the original even fields and odd ghosts. Its extension
υ =
∑
0≤|Λ|≤m
υi,Λr c
r
Λ∂i + u
r∂r (6)
to ghosts is called the BRST transformation if it is nilpotent. Such an extension exists if
the original gauge transformations form an algebra [9].
As was mentioned above, gauge transformations in gauge gravitation theory are pa-
rameterized by vector fields on X . In this case, the vector bundle W → X possesses
the composite fibration W → TX → X , where TX is the tangent bundle of X . Here,
we are concerned with the following three gauge gravitation theories: (i) the metric-affine
gravitation theory on natural bundles describing gravity in the absence of matter fields,
(ii) gauge theory on principal bundles with non-vertical gauge transformations which de-
scribes gauge potentials of internal symmetries in the presence of a gravitational field, (iii)
gauge gravitation theory in the presence of Dirac fermion fields. The corresponding gauge
transformations (12), (16), (38), (39), gauge symmetries (59), (61), (63), (65), and BRST
symmetries (87), (88), (89) are obtained. However, we apply the BV quantization procedure
only to the first of these gauge models describing pure gravity. We construct its extended
Lagrangian (98), depending on ghost and antifields, and then the gauge-fixed Lagrangian
(104), where antifields are replaced with gauge-fixing terms.
2 Gauge gravitation theories
Classical theory of gravity in the absence of matter fields can be formulated as a gauge
theory on natural bundles over an oriented four-dimensional manifold X . The group of
automorphisms of a natural bundle contains the subgroup of general covariant transforma-
tions defined as the canonical lift of diffeomorphisms of X . They are gauge transformations
of metric-affine gravitation theory on natural bundles whose variables are linear connections
and pseudo-Riemannian metrics on X .
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Linear connections on X (henceforth world connection) are connections on the principal
bundle LX of linear frames in the tangent bundle TX of X with the structure group
GL4 = GL
+(4,R). These connections are represented by sections of the quotient bundle
CK = J
1LX/GL4, (7)
where J1LX is the first order jet manifold of sections of LX → X [6, 7]. This fiber bundle
is provided with bundle coordinates (xλ, kλ
ν
α) such that, for any section K of CK → X , its
coordinates kλ
ν
α ◦K = Kλ
ν
α are coefficient of the linear connection
K = dxλ ⊗ (∂λ +Kλ
µ
ν x˙
ν ∂˙µ)
on TX with respect to the holonomic bundle coordinates (xλ, x˙λ). Note that the first order
jet manifold J1CK of the fiber bundle (7) possesses the canonical decomposition taking the
coordinate form
kλµ
α
β =
1
2
(Rλµ
α
β + Sλµ
α
β),
Rλµ
α
β = kλµ
α
β − kµλ
α
β + kµ
α
εkλ
ε
β − kλ
α
εkµ
ε
β, (8)
Sλµ
α
β = kλµ
α
β + kµλ
α
β − kµ
α
εkλ
ε
β + kλ
α
εkµ
ε
β. (9)
If K is a section of CK → X , then R ◦K is the curvature of the world connection K.
In order to describe gravity, we assume that the linear frame bundle LX admits a
Lorentz structure, i.e., a principal subbundle LhX ⊂ LX whose structure group is the
proper Lorentz group L = SO0(1, 3). By virtue of the well-known theorem [10], there
is one-to-one correspondence between these subbundles and the global sections h of the
quotient bundle
ΣT = LX/L. (10)
Namely, LhX = h∗LX is the bull-back of LX → ΣT by h. We agree to call ΣT the tetrad
bundle. This is the twofold of the metric bundle
Σ = LX/SO(1, 3), (11)
whose sections are pseudo-Riemannian (henceforth world) metrics on X . Being an open
subbundle of the tensor bundle
2
∨TX , the bundle Σ (11) is provided with bundle coordinates
(xλ, σµν).
The configuration space of gauge gravitation theory in the absence of matter fields is
the bundle product Σ× CK . This is a natural bundle admitting the canonical lift
uKΣ = u
µ∂µ + (σ
νβ∂νu
α + σαν∂νu
β)
∂
∂σαβ
+ (12)
(∂νu
αkµ
ν
β − ∂βu
νkµ
α
ν − ∂µu
νkν
α
β + ∂µβu
α)
∂
∂kµαβ
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of vector fields u = uλ∂λ on X [6]. This lift is a Lie algebra homomorphism, and the vector
fields (12) are infinitesimal generators of local one-dimensional groups of general covariant
transformations, whose gauge parameters are vector fields on X .
Dealing with non-vertical automorphisms of non-natural bundles, one also comes to
gravitation theory. For instance, let us consider the gauge theory on a principal bundle
P → X with a structure Lie group G. In a general setting, the gauge-natural prolongations
of P and the associated natural-gauge bundles are called into play [11, 12]. Principal
connections on P are represented by sections of the quotient
C = J1P/G→ X, (13)
called the bundle of principal connections [6]. This is an affine bundle coordinated by
(xλ, arλ) such that, given a section A of C → X , its components A
r
λ = a
r
λ ◦A are coefficients
of the familiar local connection form (i.e., gauge potentials). Infinitesimal generators of local
one-parameter groups of automorphisms of a principal bundle P are G-invariant projectable
vector fields on P → X . They are represented by sections of the vector bundle TGP =
TP/G → X . This fiber bundle is endowed with the coordinates (xλ, τλ = x˙λ, ξr) with
respect to the fiber bases {∂λ, er} for TGP , where {er} is the basis for the right Lie algebra
g of G such that [ep, eq] = c
r
pqer. The bracket of sections of TGP → X reads
uP = u
λ∂λ + u
rer, vP = v
λ∂λ + v
rer,
[uP , vP ] = (u
µ∂µv
λ − vµ∂µu
λ)∂λ + (u
λ∂λv
r − vλ∂λu
r + crpqu
pvq)er. (14)
Any section uP of the vector bundle TGP → X yields the vector field
uC = u
λ∂λ + (c
r
pqa
p
λu
q + ∂λu
r − arµ∂λu
µ)∂λr (15)
on the bundle of principal connections C (13). For instance, this vector field is a gauge
symmetry of the global Chern–Simons Lagrangian in gauge theory on a principal bundle
with a structure semi-simple Lie group G over a three-dimensional base X [13]. In order
to obtain a gauge symmetry of the Yang–Mills Lagrangian, one have to extend the vector
field (15) to the vector field
uCΣ = u
λ∂λ + (c
r
pqa
p
λu
q + ∂λu
r − arµ∂λu
µ)∂λr + (σ
νβ∂νu
α + σαν∂νu
β)
∂
∂σαβ
(16)
on the bundle product C × Σ of C and the metric bundle Σ (11).
The physical underlying reasons for the existence of a Lorentz structure and, conse-
quently, a world metric are Dirac fermion fields. They are described by sections of Dirac
spinor bundles, which fail to be natural. In order to develop gauge theory of gravity in
the presence of Dirac fermion fields, one has to define general covariant transformations of
these fields.
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Recall that Dirac spinors are described in terms of Clifford algebras as follows [14, 15].
LetM be the Minkowski space equipped with the Minkowski metric η of signature (+−−−),
and let {ta} be a fixed basis for M . The complex Clifford algebra C1,3 is defined as the
complexified quotient of the tensor algebra ⊗M of M by the two-sided ideal generated by
elements
t⊗ t′ + t′ ⊗ t− 2η(t, t′) ∈ ⊗M, t, t′ ∈M.
The Dirac spinor space Vs is introduced as a minimal left ideal of C1,3 on which this algebra
acts by left multiplications. There is the representation
γ :M ⊗ V → V, γ(ta) = γa, (17)
of elements of the Minkowski spaceM ⊂ C1,3 by the Dirac γ-matrices on Vs. Different ideals
Vs lead to equivalent representations (17). The complex Clifford algebra C1,3 is isomorphic
to the real Clifford algebra R2,3, whose generating space is R
5 endowed with the metric
of signature (+ − − − +). Its subalgebra generated by elements of M ⊂ R5 is the real
Clifford algebra R1,3. The Clifford group G1,3 consists of the invertible elements ls of R1,3
such that the inner automorphisms defined by these elements preserve the Minkowski space
M ⊂ R1,3. Since this action of G1,3 on M is not effective, one consider its spin subgroup
Ls = SL(2,C), acting on the spinor space Vs by means of the generators
Lab =
1
4
[γa, γb]. (18)
This action preserves the representation (17) and the spinor metric
a(v, v′) =
1
2
(v+γ0v′ + v′
+
γ0v), v, v′ ∈ Vs. (19)
The spin group Ls is the universal twofold of the proper Lorentz group L. Given the
universal twofold G˜L4 of the group GL4, we have the commutative diagram
G˜L4−→GL4
✻ ✻
Ls −→ L
(20)
Note that the group G˜L4 admits spinor representations, but they are infinite-dimensional
[2, 16]. Let us consider the G˜L-principal bundle L˜X → X which is the twofold of the linear
frame bundle LX [17, 18, 19]. We agree to call it the spin frame bundle. One says that
L˜X admits a Dirac spin structure if there exists its Ls-principal subbundle P
h. Then we
have the commutative diagram
L˜X
ζ
−→ L˜X
✻ ✻
P h −→LhX
(21)
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where LhX is some Lorentz structure [20, 21]. As a consequence, L˜X/Ls = ΣT (10), and
there is one-to-one correspondence P h = h∗L˜X between the Dirac spin structures P h ⊂ L˜X
and the global sections h of the tetrad bundle ΣT → X . We agree to call these sections the
tetrad fields because of the following.
With respect to the holonomic frames {∂µ} in the tangent bundle TX , every element
{Ha} of the linear frame bundle LX takes the form Ha = H
µ
a ∂µ. The matrix elements H
µ
a
constitute the bundle coordinates on LX → X such that the transition functions and the
canonical right action of GL4 on LX take the form
H ′µa =
∂x′µ
∂xλ
Hλa , GL4 ∋ g : H
µ
a 7→ H
µ
b g
b
a.
Let collections of local sections Ψ˜ = {zsǫ} and Ψ = {zǫ = ζ ◦ z
s
ǫ} yield associated atlases
of the principal bundles L˜X → ΣT and LX → ΣT , respectively. Then the tetrad bundle
ΣT → X can be provided with bundle coordinates (x
λ, σµa = H
µ
a ◦ ζe). Components of
a tetrad field h with respect to these coordinates are tetrad functions hµa = σ
a
µ ◦ h. The
familiar relation gµν = hµah
ν
bηab between tetrad functions and metric functions of the world
metric g : X
h
−→ΣT → Σ holds.
There is the well-known topological obstruction to the existence of a Dirac spin struc-
ture. Let us restrict our consideration to non-compact manifolds X . Then a Dirac spinor
structure exists iff X is parallelizable [22] (e.g., X = R× Z because any orientable three-
dimensional manifold Z is parallelizable [23]). In this case, the spin frame bundle is unique
and all Dirac spin structures are equivalent [22, 24], i.e., all Ls-principal subbundles P
h
of L˜X are pairwise isomorphic by means of automorphisms of L˜X and isomorphic to the
trivial Ls-principal bundle P
0 → X .
Since L˜X → ΣT is an Ls-principal bundle, one can consider the associated spinor bundle
S = (L˜X × Vs)/Ls → ΣT (22)
over ΣT [6, 21]. We agree to call it the universal spinor bundle because, given a tetrad field
h, the pull-back Sh = h∗S → X of S onto X is a spinor bundle on X which is associated
to the Ls-principal bundle P
h. Sections of Sh describe Dirac fermion fields in the presence
of a tetrad gravitational field h. Given an atlas Ψ˜ of L˜X and the corresponding bundle
coordinates (xλ, σµa ) on ΣT , the universal spinor bundle S (22) is endowed with bundle
coordinates (xλ, σµa , y
A), where yA are coordinates on the spinor space Vs.
The universal spinor bundle S → ΣT is a subbundle of the bundle of Clifford algebras
which is generated by the bundle of Minkowski spaces
EM = (LX ×M)/L→ ΣT (23)
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associated with the L-principal bundle LX → ΣT . Then due to the representation γ (17),
there exists the representation
γΣ : T
∗X ⊗
ΣT
S−→(L˜X × (M ⊗ V ))/Ls → (L˜X × γ(M ⊗ V ))/Ls = S, (24)
defined by the coordinate expression γΣ(dx
λ) = σλaγ
a.
Given a world connection K on X , the universal spinor bundle S → ΣT is provided
with the connection
AΣ = dx
λ ⊗ (∂λ −
1
4
(ηkbσaµ − η
kaσbµ)σ
ν
kKλ
µ
νLab
A
By
B∂A) + (25)
dσµk ⊗ (∂
k
µ +
1
4
(ηkbσaµ − η
kaσbµ)Lab
A
By
B∂A).
Given a tetrad field h, its restriction to Sh is the familiar spin connection
Kh = dx
λ ⊗ [∂λ +
1
4
(ηkbhaµ − η
kahbµ)(∂λh
µ
k − h
ν
kKλ
µ
ν)Lab
A
By
B∂A], (26)
defined by a world connection K [25, 26]. The connection (25) yields the first order differ-
ential operator
D :: J1S → T ∗X ⊗
ΣT
S,
D = dxλ ⊗ [yAλ −
1
4
(ηkbσaµ − η
kaσbµ)(σ
µ
λk − σ
ν
kKλ
µ
ν)Lab
A
By
B]∂A, (27)
on the fiber bundle S → X . Its restriction to J1Sh ⊂ J1S recovers the familiar covariant
differential on the spinor bundle Sh → X relative to the spin connection (26). Combining
(24) and (27) gives the first order differential operator
D = γΣ ◦D : J
1S → T ∗X ⊗
ΣT
S → S, (28)
D = σλaγ
aB
A[y
A
λ −
1
4
(ηkbσaµ − η
kaσbµ)(σ
µ
λk − σ
ν
kKλ
µ
ν)Lab
A
By
B],
on the fiber bundle S → X . Its restriction to J1Sh ⊂ J1S is the familiar Dirac operator on
the spinor bundle Sh in the presence of a background tetrad field h and a world connection
K.
Thus, we come to the model of the metric-affine gravity and Dirac fermion fields. Its
configuration space is the bundle product
Y = CK ×
ΣT
S, (29)
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coordinated by (xµ, σµa , kµ
α
β , y
A). Let J1ΣTY denote the first order jet manifold of the fiber
bundle Y → ΣT . This fiber bundle can be endowed with the spin connection
AY = dx
λ ⊗ (∂λ −
1
4
(ηkbσaµ − η
kaσbµ)σ
ν
kkλ
µ
νLab
A
By
B∂A) + (30)
dσµk ⊗ (∂
k
µ +
1
4
(ηkbσaµ − η
kaσbµ)Lab
A
By
B∂A).
With this connection, we obtain the first order differential operator
DY = dx
λ ⊗ [yAλ −
1
4
(ηkbσaµ − η
kaσbµ)(σ
µ
λk − σ
ν
kkλ
µ
ν)Lab
A
By
B]∂A, (31)
and the total Dirac operator
DY = σ
λ
aγ
aB
A[y
A
λ −
1
4
(ηkbσaµ − η
kaσbµ)(σ
µ
λk − σ
ν
kkλ
µ
ν)Lab
A
By
B], (32)
on the fiber bundle Y → X . Given a world connection K : X → CK , the restrictions of
the spin connection AY (30), the operators DY (31) and DY (32) to K
∗Y are exactly the
spin connection (25), the operators (27) and (28), respectively. The total Lagrangian of
the metric-affine gravity and fermion fields is the sum of a metric-affine Lagrangian LMA
depending on the variables σµν = σµaσ
ν
b η
ab, kµ
α
β and the Dirac Lagrangian constructed from
the Dirac operator (32) and the spinor metric (19) [6, 21].
Turn now to gauge transformations in this gauge theory. The spin frame bundle L˜X →
X as like as the linear frame one LX → X is natural, and it admits the canonical lift of
any vector field on X . Hence, the universal spinor bundle S → X is also natural, and
the canonical lift uS onto S of vector fields on X exists. The goal is to find its coordinate
expression. Difficulties arise because the tetrad coordinates σµa on ΣT depend on the choice
of an atlas Ψ of the bundle LX . Therefore, non-canonical components appear in the
coordinate expression of uS [21, 26].
Since the fiber bundles LX → X , GL4 → GL4/L and, accordingly, the fiber bundles
L˜X → X , G˜L4 → Ls are trivial, the fiber bundles L˜X → ΣT and S → ΣT are also trivial.
Let Ψ be an atlas of L˜X → ΣT with transition functions constant on fibers of ΣT . This
atlas provides a trivialization L˜X ∼= P 0×ΣT and the corresponding trivialization
S ∼= S0×ΣT (33)
of the universal spinor bundle. With respect to such an atlas, one can define the lift
uS = u
λ∂λ + ∂νu
ασνc ∂
c
α + (34)
1
4
(ηkbσaµ − η
kaσbµ)(∂νu
µσνk − u
νσµνk)(−Lab
d
cσ
α
d ∂
c
α + Lab
A
By
B∂A),
Lab
d
c = ηbcδ
d
a − ηacδ
d
b ,
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onto S of vector fields u = uλ∂λ on X . This lift however is not a vector field because it
depends on the jet coordinates σµνk. It is a generalized vector field (see the next Section).
Its projection onto Sh in accordance with the splitting (33) is the well-known Lie derivative
uh = u
λ∂λ +
1
4
(ηkbhaµ − η
kahbµ)(∂νu
µhνk − u
ν∂νh
µ
k)Lab
A
By
B∂A (35)
of spinor fields in the presence of a tetrad field h [27, 28]. Note that the lift (34) fails to be
a Lie algebra homomorphism.
At the same time, one can think of the fiber bundle S → X (33) as being associated with
the Ls-principal bundle P
0 → X . Infinitesimal generators of local one-parameter groups of
automorphisms of P 0 are represented by sections of the vector bundle TP 0/Ls → X which
take the coordinate form uP = u
λ∂λ + u
mem, where {em} is the basis for the Lie algebra of
Ls. Any vector field uP yields the vector field
uS = u
λ∂λ + (∂νu
ασνc − u
mIm
d
cσ
α
d )∂
c
α + u
mIm
A
By
B∂A (36)
on the associated bundle S. These vector fields can also be regarded as infinitesimal gauge
transformations of gauge theory of gravity in the presence of Dirac fermion fields. The total
configuration space of this theory is the bundle product
Y = S ×
ΣT
CK (37)
coordinated by (xλ, σµa , kµ
α
β, y
A). The generalized vector fields (34) and the vector fields
(36) are extended to the fiber bundle (37) as
uSK = u
λ∂λ + ∂νu
ασνc ∂
c
α + (38)
1
4
(ηkbσaµ − η
kaσbµ)(∂νu
µσνk − u
νσµνk)(−Lab
d
cσ
α
d ∂
c
α + Lab
A
By
B∂A) +
[∂νu
αkµ
ν
β − ∂βu
νkµ
α
ν − ∂µu
νkν
α
β + ∂µβu
α]
∂
∂kµαβ
,
uSK = u
λ∂λ + (∂νu
ασνc − u
mIm
d
cσ
α
d )∂
c
α + u
mIm
A
By
B∂A + (39)
[∂νu
αkµ
ν
β − ∂βu
νkµ
α
ν − ∂µu
νkν
α
β + ∂µβu
α]
∂
∂kµαβ
.
3 Gauge symmetries
In a general setting, gauge systems on fiber bundle Y → X are described as follows [8].
With the inverse system of jet manifolds
X
π
←−Y
π1
0←− J1Y ←− · · ·Jr−1Y
πr
r−1
←− JrY ←− · · · , (40)
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one has the direct system
O∗X
π∗
−→O∗Y
π1
0
∗
−→O∗1Y −→· · ·O
∗
r−1Y
πr
r−1
∗
−→ O∗rY −→ · · · (41)
of graded differential algebras (henceforth GDAs) O∗rY of exterior forms on jet manifolds
JrY with respect to the pull-back monomorphisms pirr−1
∗. Its direct limit O∗∞Y is a GDA
consisting of all exterior forms on finite order jet manifolds modulo the pull-back identifi-
cation.
The projective limit (J∞Y, pi∞r : J
∞Y → JrY ) of the inverse system (40) is a Fre´chet
manifold. A bundle atlas {(UY ; x
λ, yi)} of Y → X yields the coordinate atlas
{((pi∞0 )
−1(UY ); x
λ, yiΛ)}, y
′i
λ+Λ =
∂xµ
∂x′λ
dµy
′i
Λ, 0 ≤ |Λ|, (42)
of J∞Y , where dµ are the total derivatives (2). Then O
∗
∞Y can be written in a coordinate
form where the horizontal one-forms {dxλ} and the contact one-forms {θiΛ = dy
i
Λ−y
i
λ+Λdx
λ}
are local generating elements of the O0∞Y -algebra O
∗
∞Y . There is the canonical decompo-
sition O∗∞Y = ⊕O
k,m
∞ Y of O
∗
∞Y into O
0
∞Y -modules O
k,m
∞ Y of k-contact and m-horizontal
forms together with the corresponding projectors hk : O
∗
∞Y → O
k,∗
∞ Y . Accordingly, the
exterior differential on O∗∞Y is split into the sum d = dH + dV of the nilpotent total and
vertical differentials
dH(φ) = dx
λ ∧ dλ(φ), dV (φ) = θ
i
Λ ∧ ∂
Λ
i φ, φ ∈ O
∗
∞Y.
Any finite order Lagrangian (1) is an element of O0,n∞ Y , while
δL = Eiθ
i ∧ ω =
∑
0≤|Λ|
(−1)|Λ|dΛ(∂
Λ
i L)θ
i ∧ ω ∈ O1,n∞ Y (43)
is its Euler–Lagrange operator taking values into the vector bundle
V ∗Y ⊗
Y
n
∧T ∗X, (44)
where V ∗Y denotes the vertical cotangent bundle of Y → X . Given a Lagrangian L and
its Euler-Lagrange operator δL (43), we further abbreviate A ≈ 0 with an equality which
holds on-shell. This means that A is an element of a module over the ideal IL of the ring
O0∞Y which is locally generated by the variational derivatives Ei and their total derivations
dΛEi. We say that IL is a differential ideal because, if a local function f belongs to IL, then
every total derivative dΛf does as well.
A Lagrangian system on a fiber bundle Y → X is said to be a gauge theory if its
Lagrangian L admits a family of variational symmetries parameterized by elements of a
vector bundle W → X and its jet manifolds as follows.
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Let dO0∞Y be the O
0
∞Y -module of derivations of the R-ring O
0
∞Y . Any ϑ ∈ dO
0
∞Y
yields the graded derivation (the interior product) ϑ⌋φ of the GDA O∗∞Y given by the
relations
ϑ⌋df = ϑ(f), ϑ⌋(φ ∧ σ) = (ϑ⌋φ) ∧ σ + (−1)|φ|φ ∧ (ϑ⌋σ), f ∈ O0∞Y, φ, σ ∈ O
∗
∞Y,
and its derivation (the Lie derivative)
Lϑφ = ϑ⌋dφ + d(ϑ⌋φ), Lϑ(φ ∧ φ
′) = Lϑ(φ) ∧ φ
′ + φ ∧ Lϑ(φ
′), φ, φ′ ∈ O∗∞Y. (45)
Relative to an atlas (42), a derivation ϑ ∈ dO0∞ reads
ϑ = ϑλ∂λ + ϑ
i∂i +
∑
|Λ|>0
ϑiΛ∂
Λ
i , (46)
where the tuple of derivations {∂λ, ∂
Λ
i } is defined as the dual of that of the exterior forms
{dxλ, dyiΛ} with respect to the interior product ⌋ [29].
A derivation ϑ is called contact if the Lie derivative Lϑ (45) preserves the contact ideal
of the GDA O∗∞Y generated by contact forms. A derivation υ (46) is contact iff
ϑiΛ = dΛ(ϑ
i − yiµϑ
µ) + yiµ+Λϑ
µ, 0 < |Λ|. (47)
Any contact derivation admits the horizontal splitting
ϑ = ϑH + ϑV = ϑ
λdλ + (υ
i∂i +
∑
0<|Λ|
dΛυ
i∂Λi ), υ
i = ϑi − yiµϑ
µ. (48)
Its vertical part ϑV is completely determined by the first summand
υ = υi(xλ, yiΛ)∂i, 0 ≤ |Λ| ≤ k. (49)
This is a section of the pull-back V Y ×
Y
JkY → JkY , i.e., a k-order V Y -valued differential
operator on Y . One calls υ (49) a generalized vector field on Y .
One can show that the Lie derivative of a Lagrangian L (1) along a contact derivation
ϑ (48) fulfills the first variational formula
LϑL = υ⌋δL+ dH(h0(ϑ⌋ΞL)) + LdV (ϑH⌋ω), (50)
where ΞL is a Lepagean equivalent of L [29]. A contact derivation ϑ (48) is called variational
if the Lie derivative (50) is dH-exact, i.e., LϑL = dHσ, σ ∈ O
0,n−1
∞ . A glance at the
expression (50) shows that: (i) ϑ (48) is variational only if it is projected onto X ; (ii)
ϑ is variational iff its vertical part ϑV is well; (iii) it is variational iff υ⌋δL is dH-exact.
Therefore, we can restrict our consideration to vertical contact derivations ϑ = ϑV . A
11
generalized vector field υ (49) is called a variational symmetry of a Lagrangian L if it
generates a variational contact derivation.
In order to define a gauge symmetry [8], let us consider the bundle product E (3)
coordinated by (xλ, yi, ξr). Given a Lagrangian L on Y , let us consider its pull-back, say
again L, onto E. Let ϑE be a contact derivation of the R-ring O
0
∞E, whose restriction
ϑ = ϑE |O0
∞
Y =
∑
0≤|Λ|
dΛυ
i∂Λi (51)
to O0∞Y ⊂ O
0
∞E is linear in coordinates ξ
r
Ξ. It is determined by a generalized vector field
υE on E whose projection
υ : JkE
υE−→V E → E×
Y
V Y
is a linear V Y -valued differential operator υ (4) on E. Let ϑE be a variational symmetry
of a Lagrangian L on E, i.e.,
υE⌋δL = υ⌋δL = dHσ. (52)
Then one says that υ (4) is a gauge symmetry of a Lagrangian L.
In accordance with Noether’s second theorem [8], if a Lagrangian L (1) admits a gauge
symmetry υ (4), its Euler–Lagrange operator (43) obeys the Noether identity
∆ ◦ δL = 0, (53)
[
∑
0≤|Λ|≤m
∆i,Λr dΛEi]ξ
rω = [
∑
0≤|Λ|≤m
(−1)|Λ|dΛ(υ
i,Λ
r Ei)]ξ
rω = 0,
where
∆ = ξr∆rω =
∑
0≤|Λ|≤m
ξr∆i,Λr (x
λ, yjΣ)yΛiω = ξ
r[
∑
0≤|Λ|≤m
(−1)|Λ|dΛ(υ
i,Λ
r yi)]ω, (54)
∆i,Λr =
∑
0≤|Σ|≤m−|Λ|
(−1)|Σ+Λ|C
|Σ|
|Σ+Λ|dΣυ
i,Σ+Λ
r ,
is the Noether operator on the fiber bundle (44), coordinated by (xλ, yi, yi), with values in
the fiber bundle
E∗⊗
Y
n
∧T ∗X. (55)
For instance, if a gauge symmetry
υ = (υirξ
r + υi,µr ξ
r
µ + υ
i,νµ
r ξ
r
νµ)∂i (56)
is of second jet order in parameters, the corresponding Noether operator (54) reads
∆ir = υ
i
r − dµυ
i,µ
r + dνµυ
i,νµ
r , ∆
i,µ
r = −υ
i,µ
r + 2dνυ
i,νµ
r , ∆
i,νµ
r = υ
i,νµ
r . (57)
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4 Gauge symmetries in gauge gravitation theories
Turn now to gauge symmetries of gauge gravitation theories mentioned in Section 2.
Let start with the metric-affine gravitation theory on the fiber bundle Σ×CK with the
infinitesimal gauge transformations (12) parameterized by vector fields on X . In this case,
the configuration space (3) of the gauge system is the bundle product
E = Σ×
X
CK ×
X
TX, (58)
coordinated by (xλ, σµν , kλ
ν
α, τ
λ), and the gauge symmetry (4) is the generalized vector
field
υ = (ταν σ
νβ + τβν σ
αν − τ νσαβν )
∂
∂σαβ
+ (59)
(ταν kµ
ν
β − τ
ν
β kµ
α
ν − τ
ν
µkν
α
β + τ
α
µβ − τ
νkνµ
α
β)
∂
∂kµαβ
.
Let us consider the gauge theory of principal connections in the presence of a metric
gravitational field on the fiber bundle C × Σ with the infinitesimal gauge transformations
(16). The configuration space of the corresponding gauge system is the bundle product
E = C ×
X
Σ×
X
TGP, (60)
coordinated by (xλ, arλ, σ
αβ, τλ, ξr), and its gauge symmetry is given by the generalized
vector field
υ = (crpqa
p
λξ
q + ξrλ − τ
µ
λ a
r
µ − τ
µarµλ)∂
λ
r + (τ
α
ν σ
νβ + τβν σ
αν − τλσαβλ )
∂
∂σαβ
. (61)
The configuration space of the gauge theory of gravity in the presence of Dirac fermion
fields is the fiber bundle (37). In the case of infinitesimal gauge transformations (38), the
corresponding gauge system is defined on the bundle product
E = S ×
ΣT
CK ×
ΣT
TX, (62)
coordinated by (xλ, σµa , kλ
ν
α, y
A, τλ). Its gauge symmetry reads
υ =
1
2
(ηkdηacσ
a
µσ
α
d + δ
α
µδ
k
c )(τ
µ
ν σ
ν
k − τ
νσµνk)∂
c
α + (63)
[
1
4
(ηkbσaµ − η
kaσbµ)(τ
µ
ν σ
ν
k − τ
νσµνk)Lab
A
By
B − τ νyAν ]∂A +
(ταν kµ
ν
β − τ
ν
β kµ
α
ν − τ
ν
µkν
α
β + τ
α
µβ − τ
νkνµ
α
β)
∂
∂kµαβ
.
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If infinitesimal gauge transformations are vector fields (39), the configuration space of this
gauge system is the bundle product
E = S ×
ΣT
CK ×
ΣT
TLsP
0, (64)
coordinated by (xλ, σµa , kλ
ν
α, y
A, τλ, ξm), and the gauge symmetry is
υ = (ταν σ
ν
c − τ
νσανc − ξ
mIm
d
cσ
α
d )∂
c
α + (ξ
mIm
A
By
B − τ νyAν )∂A + (65)
(ταν kµ
ν
β − τ
ν
β kµ
α
ν − τ
ν
µkν
α
β + τ
α
µβ − τ
νkνµ
α
β)
∂
∂kµαβ
.
5 BRST symmetries
In order to introduce BRST symmetries, let us consider Lagrangian systems of even and odd
variables. We describe odd variables and their jets on a smooth manifold X as generating
elements of the structure ring of a graded manifold whose body is X [8, 29, 30]. This
definition reproduces the heuristic notion of jets of ghosts in the field-antifield BRST theory
[31, 32].
Recall that any graded manifold (A, X) with a body X is isomorphic to the one whose
structure sheaf AQ is formed by germs of sections of the exterior product
∧Q∗ = R⊕
X
Q∗⊕
X
2
∧Q∗⊕
X
· · · , (66)
where Q∗ is the dual of some real vector bundle Q → X of fiber dimension m. In field
models, a vector bundle Q is usually given from the beginning. Therefore, we consider
graded manifolds (X,AQ) where the above mentioned isomorphism holds, and call (X,AQ)
the simple graded manifold constructed from Q. The structure ring AQ of sections of AQ
consists of sections of the exterior bundle (66) called graded functions. Let {ca} be the
fiber basis for Q∗ → X , together with transition functions c′a = ρabc
b. It is called the local
basis for the graded manifold (X,AQ). With respect to this basis, graded functions read
f =
m∑
k=0
1
k!
fa1...akc
a1 · · · cak ,
where fa1···ak are local smooth real functions on X .
Given a graded manifold (X,AQ), let dAQ be the AQ-module of Z2-graded derivations
of the Z2-graded ring of AQ, i.e.,
u(ff ′) = u(f)f ′ + (−1)[u][f ]fu(f ′), u ∈ dAQ, f, f
′ ∈ AQ,
where [.] denotes the Grassmann parity. Its elements are called Z2-graded (or, simply,
graded) vector fields on (X,AQ). Due to the canonical splitting V Q = Q×Q, the vertical
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tangent bundle V Q→ Q of Q→ X can be provided with the fiber bases {∂a} which is the
dual of {ca}. Then a graded vector field takes the local form u = uλ∂λ+ u
a∂a, where u
λ, ua
are local graded functions. It acts on AQ by the rule
u(fa...bc
a · · · cb) = uλ∂λ(fa...b)c
a · · · cb + udfa...b∂d⌋(c
a · · · cb). (67)
This rule implies the corresponding transformation law
u′λ = uλ, u′a = ρaju
j + uλ∂λ(ρ
a
j )c
j .
Then one can show that graded vector fields on a simple graded manifold can be represented
by sections of the vector bundle VQ → X , locally isomorphic to ∧Q
∗ ⊗X (Q⊕X TX).
Accordingly, graded exterior forms on the graded manifold (X,AQ) are introduced as
sections of the exterior bundle ∧V∗Q, where V
∗
Q → X is the ∧Q
∗-dual of VQ. Relative to the
dual local bases {dxλ} for T ∗X and {dcb} for Q∗, graded one-forms read
φ = φλdx
λ + φadc
a, φ′a = ρ
−1b
aφb, φ
′
λ = φλ + ρ
−1b
a∂λ(ρ
a
j )φbc
j .
The duality morphism is given by the interior product
u⌋φ = uλφλ + (−1)
[φa]uaφa.
Graded exterior forms constitute the bigraded differential algebra (henceforth BGDA) C∗Q
with respect to the bigraded exterior product ∧ and the exterior differential d.
Since the jet bundle JrQ → X of a vector bundle Q → X is a vector bundle, let us
consider the simple graded manifold (X,AJrQ) constructed from J
rQ→ X . Its local basis
is {xλ, caΛ}, 0 ≤ |Λ| ≤ r, together with the transition functions
c′aλ+Λ = dλ(ρ
a
j c
j
Λ), dλ = ∂λ +
∑
|Λ|<r
caλ+Λ∂
Λ
a , (68)
where ∂Λa are the duals of c
a
Λ. Let C
∗
JrQ be the BGDA of graded exterior forms on the
graded manifold (X,AJrQ). A linear bundle morphism pi
r
r−1 : J
rQ → Jr−1Q yields the
corresponding monomorphism of BGDAs C∗Jr−1Q → C
∗
JrQ. Hence, there is the direct system
of BGDAs
C∗Q
π1∗
0−→C∗J1Q · · ·
πr
r−1
∗
−→ C∗JrQ−→· · · . (69)
Its direct limit C∗∞Q consists of graded exterior forms on graded manifolds (X,AJrQ), r ∈
N, modulo the pull-back identification, and it inherits the BGDA operations intertwined
by the monomorphisms pirr−1
∗. It is a C∞(X)-algebra locally generated by the elements
(1, caΛ, dx
λ, θaΛ = dc
a
Λ − c
a
λ+Λdx
λ), 0 ≤ |Λ|.
In order to regard even and odd dynamic variables on the same footing, let Y → X be
hereafter an affine bundle (or a subbundle of an affine bundle which need not be affine),
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and let P∗∞Y ⊂ O
∗
∞Y be the C
∞(X)-subalgebra of exterior forms whose coefficients are
polynomial in the fiber coordinates yiΛ on jet bundles J
rY → X . Let us consider the
product
S∗∞ = C
∗
∞Q ∧ P
∗
∞Y (70)
of graded algebras C∗∞Q and P
∗
∞Y over their common graded subalgebra O
∗X of exterior
forms on X [29]. It consists of the elements
∑
i
ψi ⊗ φi,
∑
i
φi ⊗ ψi, ψ ∈ C
∗
∞Q, φ ∈ P
∗
∞Y,
modulo the commutation relations
ψ ⊗ φ = (−1)|ψ||φ|φ⊗ ψ, ψ ∈ C∗∞Q, φ ∈ P
∗
∞Y, (71)
(ψ ∧ σ)⊗ φ = ψ ⊗ (σ ∧ φ), σ ∈ O∗X.
They are endowed with the total form degree |ψ|+ |φ| and the total Grassmann parity [ψ].
Their multiplication
(ψ ⊗ φ) ∧ (ψ′ ⊗ φ′) := (−1)|ψ
′||φ|(ψ ∧ ψ′)⊗ (φ ∧ φ′). (72)
obeys the relation
ϕ ∧ ϕ′ = (−1)|ϕ||ϕ
′|+[ϕ][ϕ′]ϕ′ ∧ ϕ, ϕ, ϕ′ ∈ S∗∞,
and makes S∗∞ (70) into a bigraded C
∞(X)-algebra. For instance, elements of the ring S0∞
are polynomials of caΛ and y
i
Λ with coefficients in C
∞(X).
The algebra S∗∞ is provided with the exterior differential
d(ψ ⊗ φ) := (dCψ)⊗ φ+ (−1)
|ψ|ψ ⊗ (dPφ), ψ ∈ C
∗
∞, φ ∈ P
∗
∞, (73)
where dC and dP are exterior differentials on the differential algebras C
∗
∞Q and P
∗
∞Y ,
respectively. It obeys the relations
d(ϕ ∧ ϕ′) = dϕ ∧ ϕ′ + (−1)|ϕ|ϕ ∧ dϕ′, ϕ, ϕ′ ∈ S∗∞,
and makes S∗∞ into a BGDA. We agree to call elements of S
∗
∞ the graded exterior forms
on X . Hereafter, let the collective symbols sAΛ stand both for even and odd generating
elements caΛ, y
i
Λ of the C
∞(X)-ring S0∞. Then the BGDA S
∗
∞ is locally generated by
(1, sAΛ , dx
λ, θAΛ = ds
A
Λ − s
A
λ+Λdx
λ), |Λ| ≥ 0. Since the generating elements sAΛ and θ
A
Λ are
derived from sA, the set {sA} is called the local basis for the BGDA S∗∞.
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Similarly to O∗∞Y , the BGDA S
∗
∞ is decomposed into S
0
∞-modules S
k,r
∞ of k-contact and
r-horizontal graded forms together with the corresponding projections hk and h
r. Accord-
ingly, the exterior differential d (73) on S∗∞ is split into the sum d = dH + dV of the total
and vertical differentials
dH(φ) = dx
λ ∧ dλ(φ), dV (φ) = θ
A
Λ ∧ ∂
Λ
Aφ, φ ∈ S
∗
∞.
One can think of the elements
L = Lω ∈ S0,n∞ , δ(L) =
∑
|Λ|≥0
(−1)|Λ|θA ∧ dΛ(∂
Λ
AL) ∈ S
0,n
∞
as being a graded Lagrangian and its Euler–Lagrange operator, respectively.
A graded derivation ϑ ∈ dS0∞ of the R-ring S
0
∞ is said to be contact if the Lie derivative
Lϑ preserves the ideal of contact graded forms of the BGDA S
∗
∞. With respect to the local
basis (xλ, sAΛ, dx
λ, θAΛ) for the BGDA S
∗
∞, any contact graded derivation takes the form
ϑ = ϑH + ϑV = ϑ
λdλ + (ϑ
A∂A +
∑
|Λ|>0
dΛϑ
A∂ΛA), (74)
where ϑλ, ϑA are local graded functions [29]. The interior product ϑ⌋φ and the Lie derivative
Lϑφ, φ ∈ S
∗
∞, are defined by the formulae
ϑ⌋φ = ϑλφλ + (−1)
[φA]ϑAφA, φ ∈ S
1
∞,
ϑ⌋(φ ∧ σ) = (ϑ⌋φ) ∧ σ + (−1)|φ|+[φ][ϑ]φ ∧ (ϑ⌋σ), φ, σ ∈ S∗∞,
Lϑφ = ϑ⌋dφ+ d(ϑ⌋φ), Lϑ(φ ∧ σ) = Lϑ(φ) ∧ σ + (−1)
[ϑ][φ]φ ∧ Lϑ(σ).
The Lie derivative LϑL of a Lagrangian L along a contact graded derivation ϑ (74)
fulfills the first variational formula
LϑL = ϑV ⌋δL+ dH(h0(ϑ⌋ΞL)) + dV (ϑH⌋ω)L, (75)
where ΞL is a Lepagean equivalent of a graded Lagrangian L [29].
A contact graded derivation ϑ is said to be variational if the Lie derivative (75) is dH-
exact. A glance at the expression (75) shows that: (i) a contact graded derivation ϑ is
variational only if it is projected onto X , and (ii) ϑ is variational iff its vertical part ϑV is
well. Therefore, we restrict our consideration to vertical contact graded derivations
ϑ =
∑
0≤|Λ|
dΛυ
A∂ΛA. (76)
Such a derivation is completely defined by its first summand
υ = υA(xλ, sAΛ)∂A, 0 ≤ |Λ| ≤ k, (77)
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which is also a graded derivation of S0∞. It is called the generalized graded vector field.
A glance at the first variational formula (75) shows that ϑ (76) is variational iff υ⌋δL is
dH-exact.
A vertical contact graded derivation ϑ (76) is said to be nilpotent if
Lυ(Lυφ) =
∑
|Σ|≥0,|Λ|≥0
(υBΣ∂
Σ
B(υ
A
Λ)∂
Λ
A + (−1)
[sB][υA]υBΣυ
A
Λ∂
Σ
B∂
Λ
A)φ = 0 (78)
for any horizontal graded form φ ∈ S0,∗∞ or, equivalently, (ϑ ◦ ϑ)(f) = 0 for any graded
function f ∈ S0∞. One can show that ϑ is nilpotent only if it is odd and iff the equality
ϑ(υA) =
∑
|Σ|≥0
υBΣ∂
Σ
B(υ
A) = 0 (79)
holds for all υA [29].
Return now to the original gauge system on a fiber bundle Y with a Lagrangian L (1)
and a gauge symmetry υ (4). Let us consider the BGDA
S∗∞[W ; Y ] = C
∗
∞W ∧ P
∗
∞Y
whose local basis is {cr, yi}. Let L ∈ O0,n∞ Y be a polynomial in y
i
Λ, 0 ≤ |L|. Then it is
a graded Lagrangian L ∈ P0,n∞ Y ⊂ S
0,n
∞ [W ; Y ] in S
∗
∞[W ; Y ]. Its gauge symmetry υ (4)
gives rise to the generalized vector field υE = υ on E, and the latter defines the generalized
graded vector field υ (77) by the formula (5). It is easily justified that the contact graded
derivation ϑ (76) generated by υ (5) is variational for L. It is odd, but need not be nilpotent.
However, one can try to find a nilpotent contact graded derivation (76) generated by some
generalized graded vector field (6) which coincides with ϑ on P∗∞Y . Then υ (6) is called a
BRST symmetry.
In this case, the nilpotency conditions (79) read
∑
Σ
dΣ(
∑
Ξ
υi,Ξr c
r
Ξ)
∑
Λ
∂Σi (υ
j,Λ
s )c
s
Λ +
∑
Λ
dΛ(u
r)υj,Λr = 0, (80)
∑
Λ
(
∑
Ξ
dΛ(υ
i,Ξ
r c
r
Ξ)∂
Λ
i + dΛ(u
r)∂Λr )u
q = 0 (81)
for all indices j and q. They are equations for graded functions ur ∈ S0∞[W ; Y ]. Since these
functions are polynomials
ur = ur(0) +
∑
Γ
ur,Γ(1)pc
p
Γ +
∑
Γ1,Γ2
ur,Γ1Γ2(2)p1p2c
p1
Γ1
cp2Γ2 + · · · (82)
in csΛ, the equations (80) – (81) take the form
∑
Σ
dΣ(
∑
Ξ
υi,Ξr c
r
Ξ)
∑
Λ
∂Σi (υ
j,Λ
s )c
s
Λ +
∑
Λ
dΛ(u
r
(2))υ
j,Λ
r = 0, (83)
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∑
Λ
dΛ(u
r
(k 6=2))υ
j,Λ
r = 0, (84)
∑
Λ
∑
Ξ
dΛ(υ
i,Ξ
r c
r
Ξ)∂
Λ
i u
q
(k−1) +
∑
m+n−1=k
dΛ(u
r
(m))∂
Λ
r u
q
(n) = 0. (85)
One can think of the equalities (83) and (85) as being the generalized commutation relations
and generalized Jacobi identities of original gauge transformations, respectively [9].
6 BRST symmetries in gauge gravitation theories
Following the procedure in Section 5, let us obtain BRST symmetries of gauge gravitation
theories listed in Section 2.
Given a gauge system on the fiber bundle (58), let us consider the BGDA
S∗∞[TX ; Σ×
X
CK ] = C
∗
∞[TX ] ∧ P∞[Σ×
X
CK ], (86)
whose basis consists of even elements σαβ , kµ
α
β and odd elements c
λ, which are ghosts
substituting for parameters τλ in the gauge symmetry (59). We obtain the nilpotent BRST
symmetry
υ = υαβ
∂
∂σαβ
+ υµ
α
β
∂
∂kµαβ
+ υλ
∂
∂cλ
= (σνβcαν + σ
ανcβν − c
λσαβλ )
∂
∂σαβ
+ (87)
(cανkµ
ν
β − c
ν
βkµ
α
ν − c
ν
µkν
α
β + c
α
µβ − c
λkλµ
α
β)
∂
∂kµαβ
+ cλµc
µ ∂
∂cλ
.
The BGDA of the gauge system on the fiber bundle (60) is S∗∞[TGP ;C ×Σ] whose odd
basis elements cr and cλ substitute for parameters ξr and τλ in the gauge symmetry (61).
The corresponding BRST symmetry reads
υ = (crpqa
p
λc
q + crλ − a
r
µc
µ
λ − c
µarµλ)
∂
∂arλ
+ (σνβcαν + σ
ανcβν − c
λσαβλ )
∂
∂σαβ
+ (88)
(−
1
2
crpqc
pcq − cµcrµ)
∂
∂cr
+ cλµc
µ ∂
∂cλ
.
Turn now to the gauge theory of gravity in the presence of fermion field. Since gauge
transformations (35) fail to form a closed algebra, one can not associate to them a nilpotent
BRST symmetry. Therefore, let us consider the gauge gravitation system on the fiber bundle
(64). Its BGDA is
S∗∞[TLsP
0;S ×
ΣT
CK ],
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whose odd basis elements cm and cλ play the role of ghosts of the gauge symmetry (65).
The associated BRST symmetry is
υ = (cανσ
ν
c − c
νσανc − c
mIm
d
cσ
α
d )
∂
∂σαc
+ (cmIm
A
By
B − cνyAν )∂A + (89)
(cανkµ
ν
β − c
ν
βkµ
α
ν − c
ν
µkν
α
β + c
α
µβ − c
λkλµ
α
β)
∂
∂kµαβ
+
(−
1
2
cmpqc
pcq − cµcmµ )
∂
∂cm
+ cλµc
µ ∂
∂cλ
.
7 The BV quantization
As was mentioned above, we restrict our consideration to the BV quantization of the metric-
affine gravitation theory. Its original Lagrangian LMA on the fiber bundle Σ×CK need not
be specified, but it possesses the gauge symmetry υ (59). It is important that this gauge
symmetry is complete and irreducible.
Let us note that any Lagrangian L has gauge symmetries. In particular, there always
exist trivial gauge symmetries
υ =
∑
Λ
η(M)i,Λr ξ
r
Λ, M
i,Λ
r =
∑
Σ
T i,j,Λ,ΣdΣEj, T
j,i,Λ,Σ
r = −T
i,j,Σ,Λ
r .
Furthermore, given a gauge symmetry υ (4), let h be a linear differential operator on some
vector bundle E ′ → Y , coordinated by (xλ, yi, ξ′s), with values in the vector bundle E.
Then the composition υ ◦ h = υ′i,Λs ξ
′s
Λ∂i is a variational symmetry of the pull-back onto
E ′ of a Lagrangian L on Y , i.e., a gauge symmetry of L. In view of this ambiguity, we
agree to say that a gauge symmetry υ (4) of a Lagrangian L is complete if a different gauge
symmetry υ′ of L factors through υ as
υ′0 = υ ◦ h+ T, T ≈ 0.
In the case of a generic metric-affine Lagrangian LMA on the jet manifold J
1(Σ× CK),
the gauge symmetry υ (59) is complete. Although there are Lagrangians, e.g., the Hilbert–
Einstein scalar curvature and the Yang–Mills type Lagrangian which admit more wide gauge
symmetries. Note that a metric-affine Lagrangian LMA usually depends on kµ
α
β through
the curvature Rλµ
α
β (8). The Euler–Lagrange operator
δLMA = Eαβdσ
αβ ∧ ω + Eµα
βdkµ
α
β ∧ ω (90)
of a metric-affine Lagrangian takes its values in the fiber bundle
(V ∗Σ×
X
V ∗CK) ⊗
Σ×CK
4
∧T ∗X, (91)
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coordinated by (xλ, σµν , kλ
ν
α, σµν , k
λ
ν
α). Due to the canonical splittings
V ∗Σ = Σ×
X
Σ∗ = Σ×
X
2
∨TX, V ∗CK = CK ×
X
C∗K = CK ×
X
(
2
⊗TX ⊗
X
T ∗X), (92)
the fiber bundle (91) is isomorphic to
(Σ×
X
CK)×
X
(Σ∗×
X
C∗K)⊗
X
4
∧T ∗X.
A complete gauge symmetry υ 6≈ 0 (4) is called reducible if there exist a vector bundle
W0 → X and a E-valued differential operator υ
0 6≈ 0 on the bundle product E0 = Y ×W0
which is linear onW0 and obeys the equality υ◦υ
0 ≈ 0. If υ′0 is another differential operator
possessing these properties, then υ′0 factors through υ0.
The gauge symmetry (59) is irreducible because its term of maximal jet order is ταµβ∂
µβ
α .
Indeed, let us assume that there exist a vector bundle W0 → X coordinated by (x
λ, wA)
and the above mentioned differential operator υ0 on the bundle product
E0 = Σ×
X
CK ×
X
W0
with values in the vector bundle E (58) such that υ ◦ υ0 ≈ 0. Given the maximal jet order
term ∑
|Ξ|=k
υ0
α,Ξ
A w
A
Ξ
∂
∂τα
6≈ 0 (93)
of the operator υ0, the equality υ ◦ υ0 ≈ 0 results in the condition
∑
|Ξ|=k
υ0
α,Ξ
A dµβw
A
Ξ
∂
∂kµαβ
≈ 0.
It follows that all coefficients υ0
α,Ξ
A and, consequently, the term (93) vanish on-shell.
By virtue of Noether’s second theorem, the gauge symmetry (59) defines the Noether
operator ∆ (54) on the fiber bundle (91) with values in the fiber bundle
(Σ×
X
CK ×
X
T ∗X) ⊗
Σ×CK
4
∧T ∗X, (94)
coordinated by (xλ, σµν , kλ
ν
α, τλ). The formula (57) gives
∆ = τλ
∑
|Λ|=0,1,2
[∆αβ,Λλ dΛσαβ +∆λµ
α
β
,ΛdΛk
µ
α
β]ω = (95)
τλ[−(σαβλ + 2σ
νβ
ν δ
α
λ )σαβ − 2σ
νβdνσλβ + (−kλµ
α
β − kνµ
ν
βδ
α
λ + kβµ
α
λ + kµλ
α
β)k
µ
α
β +
(−kµ
ν
βδ
α
λ + kµ
α
λδ
ν
β + kλ
α
βδ
ν
µ)dνk
µ
α
β + dµβk
µ
λ
β]ω.
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Following the standard BV quantization procedure [4, 5], let us construct the extended
Lagrangian which obey certain condition and depends on ghosts and antifields.
In order to introduce antifields of even fields σαβ, kµ
α
β and odd ghosts τ
λ, let us extend
the BGDA (86) to the BGDA
S∗∞[TX ×
X
(Σ∗×
X
C∗K)⊗
X
4
∧T ∗X ; Σ×
X
CK ×
X
T ∗X ⊗
X
4
∧T ∗X ], (96)
where the splittings (92) has been used. The local basis for the BGDA (96) is
{σµν , kµ
α
β , c
λ, σµν , k
µ
α
β, cλ}, (97)
where the antifields σµν , k
λ
ν
α are odd, while the antifields cλ are even. It is convenient to
use right graded derivations
←
∂ with respect to antifields. They act on graded functions
and forms φ on the right by the rule
←
∂ (φ) = dφ⌊
←
∂ + d(φ⌊
←
∂ ),
←
∂ (φ ∧ φ
′) = (−1)[φ
′]
←
∂ (φ) ∧ φ
′ + φ∧
←
∂ (φ
′).
An original metric-affine Lagrangian LMA is assumed to be polynomial in variables σ
µν ,
kλ
ν
α. Therefore, it is obviously a graded Lagrangian in the BGDA (96). Given the BRST
symmetry υ (87), let us consider the graded density
L = Lω = LMA + υ
αβσαβω + υµ
α
βk
µ
α
βω + υλcλω. (98)
One can show that it obeys the following conditions
υαc =
←
∂ L
∂σcα
, υµ
α
β =
←
∂ L
∂k
µ
α
β
, υλ =
←
∂ L
∂cλ
, (99)
LυL =
←
∂ L
∂σcα
δL
δσαc
+
←
∂ L
∂k
µ
α
β
δL
δkµαβ
+
←
∂ L
∂cλ
δL
δcλ
+ dHσ = dHσ
′, (100)
L|σ=k=c=0 = LMA. (101)
A glance at these conditions shows that L (98) is a proper solution of the master equation
(100) [4, 5]. Thus, it is the desired extended Lagrangian.
One can write different variants of a gauged-fixed Lagrangian (see, e.g., [33] for the
problem of the general covariance in quantum gravity). By analogy with the Lorenz gauge
in Yang–Mills gauge theory, let us choose the gauge-fixing quantity
Sαβ = σ
λµSλµ
α
β = σ
λµ(kλµ
α
β + kµλ
α
β), (102)
where Sλµ
α
β is given by the expression (9). In order to define a gauge-fixing density, we
add even elements Bαβ , odd elements C
β
α and their even antifields C
α
β to the local basis for
the BGDA (96). Then this gauge-fixing density reads
Φ = Cβα(
1
2
Bαβ − S
α
β )ω. (103)
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The desired gauged-fixed Lagrangian LGF comes from the graded Lagrangian
L+BαβC
β
αω = LMA + υ
αβσαβω + υµ
α
βk
µ
α
βω + υλcλω +B
α
βC
β
αω
by means of replacement of antifields with the variational derivatives
σαβ =
δΦ
δσαβ
= −Cµν (kαβ
ν
µ + kβα
ν
µ), k
µ
α
β =
δΦ
δkµαβ
= 2dλ(C
β
ασ
λµ),
cλ =
δΦ
δcλ
= 0, C
β
α =
δΦ
δCαβ
= (
1
2
Bβα − S
β
α).
One obtains
LGF = LMA − υ
αβCµν (kαβ
ν
µ + kβα
ν
µ) + 2υ
µ
α
βdγ(C
β
ασ
γµ) +Bαβ (
1
2
Bβα − S
β
α) = (104)
LMA − (σ
λβcαλ + σ
αλcβλ − c
λσαβλ )C
µ
ν (kαβ
ν
µ + kβα
ν
µ) +
2(cανkµ
ν
β − c
ν
βkµ
α
ν − c
ν
µkν
α
β + c
α
µβ − c
λkλµ
α
β)dγ(C
β
ασ
γµ) +
Bαβ (
1
2
Bβα − σ
λµ(kλµ
β
α + kµλ
β
α)).
Given the Lagrangian (104), one can not automatically write the generating functional
of quantum gravity because the BV quantization procedure fails to provide a functional
measure. However, this generating functional at least is a Gaussian integral with respect to
variables Bαβ . Therefore, we can replace the Lagrangian (104) with the effective one which
takes the familiar form
LEGF = LMA + C
α
βM
β
αλc
λ +
1
2
σλµσγν(kλµ
β
α + kµλ
β
α)(kγν
α
β + kνγ
α
β),
where M is a linear third order differential operator acting on ghosts cλ.
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